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PART I : ELEMENTARY CONCEPTS

Problem 1. (5 points)

/ Consider the differential equation
(x® — 22)y" + (2% — 22)y' + 4y =0
Find the ordinary points, regular singular points and irregular singular points(if
there’s any).
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Problem 2. (3 points) Given a recurrence equation a, 9 = n>0and ay = 1.
7 ay = 0.
Then asgrs — tomn =
Problem 3. (3 points)

/.’%A/('Q points) The elementary period of the function f(r) = cos ( 1) + sin (é)
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3.2 (1 point) Lot the graph of a function f(ir) be given as follows.
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The elementary period of the function f(x) is 3

Problem 4. (12 points) Let f(r) be a periodic function with period 2. The Fourier series of

f is given by L T=2 , L=1
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Problem 5. (2 points) Let f be a function given by f(x) = . 5 Sk
_ T—7, 0<e<2n
and f(x + 37) = f(x). Sketch the graph of f(z) for z € [-5, 57].
| ! !
| i :
| i .
i
+ }
.
/ /.‘ /" /? > v
-5n -4‘11 -ét/‘-’{-r 2l1t in _An 5:1
| | |
i
| 1 |
Problem 6. (6 points) Let
’ 1, =1 <2< = &
f(Jf)={9. L b
2%, 0<z< 1.
and f(x +2) = f(«) for all 2 € R. Suppose that the Fourier series of f is
3+Z( cosnmx + b, sinnwx, for all v € R
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Problem 7. (9 points) Let f : R — R be a periodic function with period 27. Suppose that
the Fourier series of f is

o0
(N 5
5 + E a, cosnr + b, sinnz.
- n=1 J

7.1 Find / f(x + 7) dz in terms of a, and b,.

T
7.2 Find f(x) cos® xdx in terms of a, and b,,.

oJ =T
7.3 Find the Fourier series of f(z + ). Write the Fourier coefficients in terms of

a, and b,.

Problem 8. (10 point) True of False.
(correct 2 points, no answer -0.5 point, wrong -1 point)
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8.1 N fn)= b + Z @, cosnwx + b, sinnwx, then ay = — f(x)dz.
n=1 =
T T
8.2 If f is an odd function and g is an cven function, then f(x)g(x)dx = 0.

J—7

8.3_ 1 If f is a periodic function with period 4 then g(a) = f(2x+1) is a periodic
function with period 2.

3.4 F If f and ¢ are odd functions, then the Fourier series of f + ¢ contains
cosine functions only. £ +q 9 odd £2 3 Fourier sine .

8.5 T Let p(&)y” +¢(x)y + s(w)y = 0 be a differential equation of order 2 where
p(z), q(x) and s(z) are polynomials. Then this equation has an ordinary

point.
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| PART II : PROBLEM SOLVING £ X-1:0 =2 X=4 "

'I' —
Pr()/l€m 9. (8 points) Find the series solution of (z* —1)y” + 2%y + 2y = 0 about = O/
Please continue on the back of the previous page.) N or J nerl 4
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Problem 10. (8 points) Consider the differential cquation 822" + 102y’ + (x — 1)y =
. Suppose that the indicial cquation is (4r — 1)(2r + 1) =0

—Qn_1

> ; I
(dn+4r—-1)2n+2r+1)° ~
Find the series solution of this cquation about 2 = 0.

and the recurrence relation is a,, =

Problem 11. (11 points) Let / be a w-periodic function, where f() = sina on [0, 7).

11.1 (2 points) Sketch the graph of [ on [—3x, 37). =M
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2 (5 points) Tt is known that the Fourier series of f is of the form 4
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(14) Wave equation.
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Problem 12. (11 points)Let f be a continuous 27-periodic function with Fourier series

o
a <
fle) = 70 + g @, cosnx + b, sinnzx,

n=1

where «g, a,, and b,,, n =1,2,... are Fourier coeflicients. Let

A g iy H=S)

12.1 (2 points) Show that f(z) = g(x) + h(x)
12.2 (3 points) Show that g is an even function and 7 is an odd function.
12.3 (3 points) Find the Fourier cosine of g.

12,4 (3 points) Find the Fourier sine of A.

(8 points) Consider the Sturm-Liouville problem

Pr(yén 13.

Xa) = 22X ()
where 0 < & < 3 and X7(0) = 0; X'?(3) = 0.
Find the eigenvalue A, and its corresponding eigenfunction X, ().

(«= Please continue on the back of the previous page.)

(8 points) Solve the partial differential (‘,qlmtﬁ;u

Pyl\e/m 14.

gl t) = At (2, 1) O<cxgm t>0

11:(0:2) =0 and w(m:t) =0 t >0
w(z; 0) = cosa and w(z,0) =1 0= wer
Remark : To solve the Sturm-Liouville problem .

X'"(x)+AX(z)=0. 0<r< L,

students can use results from the following table.

Boundary Conditions | Eigenvalue | Eigenfunction

An Xal2)
X =0 X(L)=0| (=)° sin 2R n=12,...
X'(0)=0 X'(L)= (22)* cos B n=0,1,2
X0 =0 X{L)=0 ((')",_,_Ll)"-)l cos (2";,{)” n=1.2.3
X(0)=0 X'(L)=0 (‘2"21””)2 sin @e=bme |y =193
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