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Tutorial XVTI : Fourier Series

1. (Final 56) The Fourier expansion of a 2r—periodic function is based on the
orthonormal set

Ni= {%, COSNE, SINNE ' n = 1,2,3,,_,}
1.1 / (cos 20z)(sin 30z) dx = @)
m
1.2 / (cos 20z)(cos 30z) dz = &)

* 1
1‘3/ —=(¢0520z)(cos 20z) dz =
v ) )

i
12
1.4 / (sin 30z)(sin 30z) dz = il

2. (Final 56)

2.1 The elementary period of the function f(z) = cos (E) is

oM = 8'\1 )
)
2.2 Let the graph of a function f(z) be given as follows. 4

l ie\emen*a.rj Period

[l /it

The elementary period of the function f(z) is

(]

-

2.3 Sketch the graph of f(z) ={ D& 2= 3S;

2, —2<z<0 3
and f(z +5) = f(z). b aafl y=2
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3. (Final 55)

3.1 Consider the set of functions A = {z": n = 1,2,3,...} defined on [, 7).
3.1.1 Choose two functions z™, z™ € A such that z™ is orthogonal to z". (z™ L =%}

T m) 0 ﬂij’m ‘x‘d')(=0 TRT ,-x"'g'xs
e B Ls,ndc\
3.1.2 Choose two functions 2™, 2" € A such that ™ is not orthogonal to z™.
(@ L")
17 S
f - %/dx 0 X X ; ST N
T T Theven

3.1.3 Is A an orthogonal set? Why?
No, wwsndl o, " Ta Lh gy £ 0
3.2 Let B={fa(x): n=1,2,3,...} be an orthogonal set.

Then (fz.';ss, f2012) =C’—-

4. (Final 55)Sketch the graph of -t 2
_Jz+2 -2<z<0 :

f(‘”)—{l-x, 0<z<2—0 !

and f(x +4) = f(z).

5. (Final 54)

5.1 Consider the set of functions {z": n=1,2,3,...} defined on [—m,7].

5.1.1 Is z™ orthogonal to z"*!? Why? Yes

v \
Lot MYy = .[ /znn A R
—1|’ ‘_"(lodcl

5.1.2 Is this set orthogonal? Why?

No. waell 5™, ™ & <" &'y 40

m
‘13‘“ X =xz, ’Xn'= ‘xc »
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e e 1
52 Let n be a positive integer, f(z) = z", g¢(z) = z°*, h(z) = sindz and k(z) = cosnz
be functions defined on [—,7].

5.2.1 Compute (g,h). = 4 Iv xm. sinax dx = ©
-
\"even boad

522 Find a condition on n such that (f,k) = 0.
; [* & cosnx dx =0 5; X dieaviw odd ¥

*
WV .
¥ L even w M€ o

& (Final 54) The elementary period of f (z) =sin8zis__ 2N =T

B8 4
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orial XVIII : Fourier Series

al 56) Let f(z) be a periodic function with period 4. The Fourier series of f is given

i : mra: T=4
f(z) =4 7r2 Lz:n2+1 (2n—1)2 ] L €3
dz = Lae = 28, =2 =3 é_o"'z 9 36%2
) dz : ° o (%) = 3 2
4 (-1)
—_— '_{_ - —“- an~ é' (.'1)“
w: n’
& i = 4 b
2 (p1-1? 2 e B Gl
: m* (2.3-1) 19T )( 31 & T: na)®
1-4/ flz)cosmzdr=__Lan L8z =2 (4,)0 =
“n=2 ™A Bt fexea) f(x)
R ¢
135 f(:r.)sm—d:z:— Lo, * Lb_; =214 _3_ fFxe )= -F(‘x-m):.f(x
l.%-\ % " (ﬂ') 25N * 4
1-6/ f(z +8)dz = Jffm dx =3
bt _2 -2
| 2 (Final 56) The Fourier series of f(z) = R e and f(z +2) = f(z)
3 |8 0mewl R
is given by
1 4 =) 1 2 oo (_1)7:.4—1 .
N ee(n — )~ sinnra.
2 QZI o2n — 1)? ’ITE n
21 (4 points) Evaluat el st wa
) R TR
oo
Consider A R LI Z — ¥ %
TR 59 zn-ﬂ1
fadw oS (2n-nTX =4, sinnwx =0
= + B oG >
x=0); foh+f) o 1.4 3 L _—cofo
J 2 2 2 opsy (2n=?
Yanaiias o0
s § wd~d B el
2 2 nx (an)t
o0 9 5
g & daw La¥ R
ney (200 2 4 8 &
1BlPage
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ToFan D2

2.2 (4 points) Evaluate % - % + % ~ % + é -
7 o Nty .
Xe il s 2(4) = i-0+ 2 s (N smnd
2 2 % Mny N 2 neb

PITL = Y :
'1 | -2t+& L 40 +4(1) 40 +L 40 +4(-1)+
1'{ 1 3 5 1 tee
= 3 U | 0
n:=4 N:=2 N3 n:4 n:5 n=%

TR YOOI T

/4. (Final 56) True of False.
(correct 2 points, no answer -0.5 point, wrong -1 point)

3.1 F If { is an odd function and g is an even function, then

0
’/_Sf(w)JrQ(x)dJ?:Oi 3 -f:fyxdx * f%(r)dx $£0

"5 bewn
32 F If f is an odd function and g is an even function, then

5 5
E. [ f@a@ds =2 [ gtz
- 5 g4 beven o ood;_\
3.3_T_ If f is a periodic odd function, then the Fourier series of f is a Fourier sine.
o mihAND

3.4, T ' If z = 2o is an ordinary point of the equation p(z)y” + q(x)y’ + s(z)y = 0, then
both xli’r? (z - zo)@ and lim (z — 950)2i exist,.

p(z) o p(z)
g(z)

35 1 If z = zp is an irregular singular point and xlg;l (z — mg) —— exsts, then
]

p(z)

lim (z — mo)zf(i) does not exist.
=20 p(:C)

oo )
36 1 3 aa(n=1)2" = 3 ania(n + ™.
n=1

n=—1

3.7 F  1f the Fourier series of f is ag + Z(an cosnz + by sinnz), then y - B 3 (@

n=1

o)p

T " 2
= — dz.
ao = f(z)dz

- 4

38 T If f is periodic and has period p, then 3p is a period of f.

np,n€1+
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/4./ (Final 56) Match the following function with their Fourier series

© (_1\n+1,2. 2 _1\n .
(a)2z( s :3_'-6( 1 sinnz F.simn = o0dd

8 — 1 (2n et VLAY 5
Y v £D -
1 = nE=1 o 1P (c ) ) even

L 2
(c) = +z Gn = sm(2n— 1)z F.sin = o0dd

+2Z [(_ S cosn7r:c+ wsin@z] not odd , everv

Ly o1

(7n)? nm

Write down (a),(b), (c) or (d)

-z, =2<z<0
4, = :
LI@=1. genes
and f(z +4) = f(z)
D& & st
Answeri e
0, —w<z<0
4'2f(m)'{1, O<a<n ;
and f(z + 2n) = f(z) v ©
Answer_c;

4.3 f(z) =% -1 <z < mand f(z +2n) = f(z)

Answer a
6. ~lza=xl
14 f(z) = {23; Qw1

and f(+2) = f(z).

A B T=2
L=4
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/5/ (Final 55)Let f be a periodic function whose period is equal to 7. Then the formula
for the Fourier ser1es f is given by

T= W A»(-ww)

f@~ 2y 2 (an Cos '-ﬂ‘-'x\*b gin. 8 x) L=1
2 n 3 2
~ Qo z (ap Co b 1 y B
il n COS 2nx + b, Sin 2nX = vdx + 2
2 n:y n ) # do L JLf(X')d)‘ ¥ f ‘F(X)Ax
-w/?.
% W2
6. (Final 55)The Fourier series of ¥ .( foycosanx A x
X ¢
f(x)—{G’ ~1<z<0; 1 /“
B & / 5
25, Ul n= % (Hxsinanx dx
and f(z +2) = f(z) is given by Wy

f(z) ~ 5 + ZZ {(_ L= ko 2—(i)n—_—Bsinmrz} :

(7n)? nm

Use this series to compute the following quantities.

: >
4 = 1=(=1) ® fh+f6 o Ltk
3 61 N ] 'x.-;o ‘; WHr+ (0) = 1 2 2 . 1 | C%O
3 ; (mn)? A o 2 : r::\ (frn)*
: 0_'.‘5. : % +2 g (-1) =9
2 nsy ()T
TR R R, = e
L31¢dy  n=l (2 —1) 8 . Z I\—("n. - i[1~3] -
1 32 5 N (ry2 2L 2 4
n+l 2
(-63 ( 1) T 5 10+ 2 4042 =4
< L L 2 g~ Tive
., :L_jl 2n—1 4 » M 1232 %5 4
B 3 5 1 4 2
LAedoa,.) =414Y
(1 3,* 52+. ) i i?

7. (Final 55) Match the following functions with their Fourier series. .

(a) 7T+ZZ 1 )n“ sinnz F.sine =-» 0dd

f (b) Z(—-—> (—1)*sinnz  F. $iNe 20dd X0 = qccx)=0
x) :

o0 n

n—

00
™

(d) =+ [ )n cosnw+ (=1 sinnx] F not cdd 5 EVEN
n

4

n=1

Write down (a), (b), (c), or (d).

Foce : juenypovsky or phymath.pjue Tel : 074-346841, 087-63268537 18lPage




A IsoISsunNaSEIoSEIo

P = ¥
Pre Flight math 3-57 : Final ~ fi@ BRI IS

[6L7F B D14- A0 =

7.1 Answer b

7.3 Answer a’

/ A

C
1+2
o0

7.4 Answer d

191Page
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8. (Final 55) Compute the Fourier series of the 2 periodic function
= Sin4X + 1-00S2(4%)

2

f(z) =sindz +sin*4z. =

4 4+ SINAX —1005 BX

Answer f(z) ~
2
(Final 54) Let the Fourier series of a 21 —periodic function f be given by

9.
f(z) ~ag+ Z(an cos nz + by, sinnz).
n=1
e ~~‘.-'.‘1_|ﬂ‘
7 B,= A9
[o ("] :
Then ag — 4|4 (_fox) dx
2[W 2y d
i\ v
PR T L [ foncosmxdxp, = 4 [ fox) sinnx afwhenn=123,
W = W 2y
10. (Final 54) Let the Fourier series of a function f be given by
ao - a 3
2 cosnz (=1)"sinnz _— T T T 7
f(‘"’)'”?ﬁ;(nﬂ (zn—l)z)' 2 A
An® =
Compute N+l
X 39y b,: (-9
10.1 / de = =
L i (an-1*
10.2 / f(z) sin 5z dz = Ti’b = 11’b5 TN (-ﬂ e =X
- - (25-1* 81 ¥
gi &
B ¥ Man=Ta,

103/ f(z) cos?:cd:c— Tap ~Wa W(#ﬂ) .

W m

4 [ _fﬂwcm dx ~ f fxycos4x dxj[
1 = 131
2

. I IR
z)sin? 2z dz = 1-cosaxldx =
*10.4/:"f()s 2d L%X){ . ]x
o [31\’ 9L 'k
*105/ flz+6m)d f fo dx - l‘n‘ # - (4+1) 20 $#
Ny M\’ graph wﬂa%bﬁu % NNy 2w greph vaw
“ % &Tzrog}gpr: CEH
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%(Final 54) Match the following functions with their Fourier series.

(_ )'n.+1 . nmzT dd
v (a) sin ©
:;1 @ L2
Z+Zl[<l+(_ ) )cosnm-l—%sinnx] not even ,odd
w2 (=1)™
c) T +4Z — — CoSTZ even

T+2 4 2. cos(2n + 1)z pven
(d) 2 7r Z (2n +1)?
Write down (a), (b), (¢), or (d). \‘ﬂ
11.1 f(z) =1+ |z| when z € (—7,) and f(z +2m) = f(z). Answer d :o,‘j:z.

: c /
11.2 f(z) = 22 when z € (—m,7) and f(z+27) = f(z). Answer___*- ey e
=3 A A T e
172 e
11.3 f(z) =z when 7 € (=2,2) and f(z +4) = f(z). Answer A . 4 ”_ﬁ(. B
i 2
0, - <z <0
114 fiz)= { i B and f(z + 2m) = f(x). Answer b
w
. (Final i i -
12. (Final 54) The Fourier series of f(z) T ¥ when € ( ) and

flz+ 2%) = f(z) is given by

l + i (1) (cos 3nz — nsin3nz).
2 1+

n=1

Use this se%ies to compute the following quantities. E _Fm z 1 ; z (D) 5920

Note : St o 18 a constant. : nzy ‘\*ﬂ"
12.1 L ! 5 1 1 + ! S L 9-53";;179 :é-t[ 1¥4 2t
2 1+1 144 1+9 1416 15inhq(#
L
12.2 1+ . o+ . + . + : + = e
’ 2 1+1 144 149 1+16 T 25inhT #
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13. (Final 54) Compute the Fourier series of the 27 —periodic function

f(z) = g — (cos 3x)(cos Tz) — (sin 3z)(sin 7z).

Answer f(z) ~ g_ - C0S4%

#
A\ (CoS3X) (C0sFX)
COS (IX) COS(3X)

2 % [ cos (3x+2X) + COS(3%X-3%)]
2

11

3 [CoS10% + COS4X] —X¥

R4 (5in3X) (SInTx)

(Sin ¥X) SINC3X) [ COS(F3x-3%)~COS (3 x+3 'x)]

2
2

1
2
i[msqwms«oﬂ — % ¥

~ COS 4% i ;F!ICLHE'L‘ Triaone Wi

= 2
2 - _
J ,/ 49 vien vy Feurier series H'mu
do a, 4 2 wan
2 Note  fandl ho T N ae
) dﬁme H NiH ruao“c mea i
221Page

Face : juenypavsky or phymath.pjue Tel : 074-346941, 087-6326537



| fsoiSaundaduoseio
==

Pre Flight math 3-57 : Final Q@  IIRIGHIIDs

e —— TRAMBMIOML o

Tutorial XIX : Fourier Series

1. (Final 56) Let f(z) =1++Z when 0 <z <4.

1.1 Find the even periodic extension of f and plot the graph of the extended function.
B {exn)

1+ 4% ; 04x44
Fa = : Fox+8) = Fex)

fex 5 skexto

|
|
l

1.2 Find the odd periodic extension of f and plot the graph of the extended function.

L - fex)

- 1+ 4% y, 0¢xi4
(x) < Fexeg)= FOX)

; )
—(1+4x) , “4¢x<0

— ——— — _-—‘._——
ye
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) %% 3% FS.
2. (Final 56) Find the Fourier series of the function f(z) = z® where —1 < z < 1 and
flz+2) = f(z) . L=
=1
fox) ~ @ %_0 (ancos 53 Ty +b s )
%) ~ ao +b_sin 12
2 : n:4 " )a,\
L 1
D M3 =L [fmdx = L[ aPdx <0
e ' bodd
M &+ 4 . ny '3
n Ljfcx)cos-;ixdx = [ % costm &% =0
o - {
odd even

n

NM b= 4t i ’
n®4 f Fex) sin ‘lllx A% f x2sin (Nx) d

T =f } l
f odd 0dd - even
smmﬂ'x)d'x
- u \'4
%2 sin (NTx)
\
a2 -C0S (NTr)
\ T'm' \\’ +
6% =5in (nYx)
(M T -
6 + €0S (NT%)
nM> ~
0 5in (NTTX)
MY ~, -
3 o : 1
= 2| =% os(NX) 43X sIN(NIK) o 6% COS(nTIA) _ Hm(nvﬂ]
nM (nm)? (nm > (nm* lo
= 9 [(. costn™) . ¢ cosmn)) - (o” . [ ~ ) b))
nw (nw)> TnY T2
a0 N1 n )
M -F(’X) e Q[ (—:\3“’ % 6(4)31 sin (NT %)
X
br\..
241Page
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0 —2<< -1
3. (Final 56) Let — %
(Fin )Lt 1) 1—g2 ~lzap<gl.

Extend the function and find the Fourier cosine series.
L even AN {ex)

0 g x4 F(x+4) =F(x)
2 T=gq ,L:=2
. -1 ¢%x<0
s " e ¥ okt - Ars
i =X 4 0<&Xx<A
‘hs even F2 0 § A5 Esd n
o even £~ b =0
n
fb{\ Fex) ~ ao + Z [E\V\COS ““ ’K*\-b S NN ’X]
2 nay L
- L
(1) 3= 1 (fo) dx = 2 gFmdx
L L
L) vd
, 1
gl mnmﬂ,y(éd : ()| e 1y el
2 3 0 3 3
) 0
(2 = ; 1
) Ay thcx)cosr%dex = %[f(wz)cos'ﬂxdx*g/x}
=t L&) * 1
1 s
z _{co&“_‘_‘xdx—fxcos'ﬂ?fdx M =
2 2 n '
5 X cosntia
2
= Sin Nix . . r
s - 2x sin nm X +2fx( cormia X | L Sheax
(V\‘“’ h“ 2 nm 2 no - e .
=) e | X
3, 1 2 —(33605r1”<
-2 (_2_) Sin Nl % o 2 N
n“‘ 2 0 3 -
0 -(21.'\ sinnm X
= Sin.m'f 2 > ! T "
~[(hﬂ5"‘"2“+2 1DCDSHW 2(2)51\*\.»’11\’ ~0 '
n nT 2

Cos n 2
‘WEP R
og
n:

2
ot § (x) = Ftxy ~ 1 e 2 sinnt :
€ L 3J r 1 (mh[ nw i COS-E]'Y Cosn_g;x
#
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/4./ (Final 55)Find the Fourier series of the function f(z) = |z| where —7 < z <7 and
flo+2m) = f() .

- LT XLO
-F(m:{ 7 0
9 OLXLT

<
{0 aw even £ Tz 3N 5 Lol &
o even £~ :b =0

[=4]
~ aO \
o Lo v 51 [ 3, cosnx « bm%x]

(l) a E A ) i 2 (nJ
Owglctx7dX=£dex=l.1 =
v v 2 lo
_T{ pe
n m u v
(2) dp= L ( focsnxdy = 2 —m
WJ : = ( X CoSnX dX * R
: , 1N
T2 xsinnX + Cosnx ™ 1 ol
T" n n2 0 ™
5 @) ~Cosr\.x\g
. : 2
¥ 2 [(H.Syzn'n‘ +COSY\«W\ - (O +:L) "
T[l n N2 / n27
® 2 { .&j)_“-- J_} 4 _2_.[(-1)n1-1] i O ,evew
v 2 n? 2
n mn i L odd
o Al
e ; n
& fmysn, 30 2[en-t] cosnx
2 n:4 Tn?
#
[
« -4 2 1o
9 T ntodd n’
-
=~ 4 5 1 C« [¢2kny
Z T #—‘(gk-n'z ]
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